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We fix the parameters $a>0,$ $b>0$ , and $\lambda\in \mathrm{R}$ . The independent variable $z$
is considered to be $0<z<1$ , for the moment. The branches of the multi-
variable functions $z^{1/2}$ and $(1-z)^{3/2}$ are taken to be real for $0<z<1$ . The
derivation $’= \frac{d}{dz}$ . We have three unknown functions (dependent variables)
$f,$ $g$ and $h$ . As is discussed later, by the elimination of dependent variables,
this system is equivalent to some Fuchsian ordinary differential equation of
6th order with three (regular) singular points 0, 1, $\infty$ .
Problem 1Can we rnrite the solutions $(f,g, h)$ of this differential equations
in terms of Gauss hypergeometric functions 2If we can, then write doum
explicitly.
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$\ovalbox{\tt\small REJECT}_{X}^{\varpi}\text{ }\mathfrak{i}\check{-}\mathrm{r}_{L}\ovalbox{\tt\small REJECT}\vee t6^{arrow}\sim k\emptyset\grave{\grave{>}}\text{ }\mathrm{n}\mathrm{Q}\ovalbox{\tt\small REJECT} \text{ }\mathrm{f}\mathrm{f}\mathrm{j}l\check{-}\lambda\Phi \mathrm{T}^{\backslash }\backslash h6_{0}\wedge\sigma\urcorner)\ovalbox{\tt\small REJECT}_{\mathrm{D}}^{\mathrm{A}}\dagger\mathrm{h}\lambda\vee\supset \mathrm{T}\mathrm{V}^{\backslash }6$
$/^{\mathrm{r}}\backslash _{\overline{7}i}^{\mathrm{o}}\star-pa,b$, A $1\mathrm{h}T\wedge^{\backslash }-C\backslash (\mathbb{R}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \text{ _{}\mathrm{T}^{\backslash f}}\backslash x<)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \text{ ^{}-}C^{\backslash }\backslash h0$ $1_{\vee}\hslash>\mathrm{b}\text{ }l^{\mathrm{p}}\gamma_{\mp}^{\mathrm{R}}$
$\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}*k\#’\supset\ovalbox{\tt\small REJECT}\vee \mathrm{C}^{\backslash }\backslash \mathfrak{X})6-arrow \mathrm{g}p_{\grave{\grave{1}}}\mathrm{g}1_{\vee}\mathrm{t}\backslash _{\mathrm{o}}$
2Results
$\mathrm{f}\mathrm{f}\mathrm{i}\not\in\xi_{\grave{\llcorner}}t\mathrm{F}\backslash \wedge^{\backslash }6\backslash k$ $\mathrm{b}\dagger\check{-}\backslash \mathrm{f}\mathrm{f}\mathrm{l}T<6\Re \text{ }*\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\emptyset 7\ovalbox{\tt\small REJECT} a$) $\ovalbox{\tt\small REJECT} \mathrm{f}\mathrm{f}\mathrm{i}_{\backslash }\mathrm{R}k\ovalbox{\tt\small REJECT}\yen\emptyset f_{arrow}^{-}b\mathrm{v}\backslash <$
$\vee\supset\emptyset>\ovalbox{\tt\small REJECT}_{\mathrm{t}\backslash }-C\mathfrak{X}<_{0}\sim-\overline{\sim}\text{ }\ddagger<\mathrm{f}\not\in\dot{0}\ovalbox{\tt\small REJECT}_{\nabla}^{\mathrm{D}}k\mathrm{L}$\mbox{\boldmath $\tau$} $\partial=d/dzk$ L $zk\ovalbox{\tt\small REJECT} \text{ }kT$
$62\mathfrak{p}\mathrm{g}\emptyset$ Fuchs ant $\#\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}$
$P|p,$ $q;r,$ $s,$ $t]:= \partial^{2}+(\frac{p}{z}+\frac{q}{z-1})\partial+(\frac{r}{z^{2}(z-1)}+\frac{s}{z(z-1)}+\frac{t}{z(z-1)^{2}})$
with parameters $p,$ $q,$ $r,$ $s,t\in \mathrm{C}\geq\doteqdot \mathrm{x}_{-}^{\mathrm{b}}6_{0}$ Fffi $k\mathrm{L}\mathrm{T}_{\backslash }$
Lemma 2(Conjugation by elementary power functions.) For $\lambda\in \mathrm{C}$ ,
$P[p, q, r, s, t]z^{\lambda}$ $=$ $z^{\lambda}P[p+2\lambda, q;r-\lambda(\lambda+p-1), s+\lambda(\lambda+p+q-1), t]$ ,
$P[p, q, r, s, t](z-1)^{\lambda}$ $=$ $(z-1)^{\lambda}P[p, q+2\lambda;r, s+\lambda(\lambda+p+q-1), t+\lambda(\lambda+q-1)]$ .
2.1 Splittings
The differential equations under consideration is of the form:
$2z^{2}(1-z)^{3/2}A_{1}f$ $=$ $ag+2bz^{3/2}h$ ,
$2z^{2}(1-z)^{3/2}R_{3}g$ $=$ a $f$ ,
$2z^{2}(1-z)^{3/2}R_{1}h$ $=$ $bz^{3/2}f$ .
where
$A_{1}$ $:=$ $P[1,0; \frac{a^{2}+1}{4},$
$\frac{b^{2}-1}{4},$ $\frac{\lambda-2}{4}]$ ,
$R_{3}$ $:=$ $P[1,0; \frac{a^{2}+1}{4},$
$\frac{b^{2}}{4},$
$\frac{\lambda-1}{4}]$ ,
$R_{1}$ $:=$ $P[1,0; \frac{a^{2}}{4},$
$\frac{b^{2}-1}{4},$ $\frac{\lambda-1}{4}]$ .
Here we retain the notation in [4], so the numbering of the operators pre-
sented here may look funny.
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Proposition 3(Derivation of the single equation)
$bf$ $=$ $2z^{1/2}(1-z)^{3/2}R_{1}h$ ,





($X_{h}$ is of 6th order.) Then
$X_{h}h=0$ .
If $ab\neq 0$ , then the original differential equations for $(f,g, h)$ is equivalent to
$X_{h}h=0$ .
We define the conjugated operators
$\overline{A}_{1}$ $=P[2,3; \frac{a^{2}}{4},$ $\frac{b^{2}+15}{4},$ $\frac{\lambda+1}{4}]=z^{-1/2}(1-z)^{-3/2}A_{1}z^{1/2}(1-z)^{3/2}$ .
We introduce several differential operators, which will be used in the following
theorem. It is non-trivial to find these operators, and easy to check all the
relations exhibited in the theorem.
$P_{1}$ $=$ $P[1,$ $-1; \frac{a^{2}}{4},$ $\frac{b^{2}+1}{4},$ $\frac{\lambda+1}{4}]$ ,
$P_{2}$ $=$ $P[2,4; \frac{a^{2}+2a}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+7}{4}]$ ,
$P_{3}$ $=$ $P[6,6; \frac{a^{2}-2a-24}{4},$ $\frac{b^{2}+121}{4},$ $\frac{\lambda+23}{4}]$ ,
$P_{4}$ $=$ $P[3,3; \frac{a^{2}-4}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+1}{4}]$ ,
$\overline{P}_{1}$ $=$ $P[5,7; \frac{a^{2}-16}{4},$ $\frac{b^{2}+121}{4},$ $\frac{\lambda+33}{4}]=z^{-2}(1-z)^{-4}P_{1}z^{2}(1-z)^{4}\dot{J}$
$P_{10}$ $=$ $P[2,4; \frac{a^{2}}{4},$ $\frac{b^{2}+25}{4},$ $\frac{\lambda+7}{4}]=P_{2}+\frac{a}{2z^{2}(1-z)}$.
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Theorem 4(Factorization and splitting.)
$(\iota.)l\mathit{4}$ , Theorem 3.1.1](Fact0rizabi0n)
$X=P_{3}P_{2}P_{1}=P_{3}(-a)P_{2}(-a)P_{1}$ .
(ii) $l\mathit{4}$ , Theorem 3. 1.2](Pr0jecti0n operators)
$\overline{P}_{1}P_{4}-P_{3}P_{2}=\frac{2-\lambda}{4z^{2}(1-z)^{4}}$
(iii) (division by $P_{1}$ )
$R_{1}-P_{1}= \frac{1}{z-1}(\partial-\frac{1}{2(z-1)})$ .




Corollary 5Suppose $\lambda\neq 2$ . Then $X_{h}h=0$ if and only if
$h=v+ \frac{4}{2-\lambda}z^{2}(1-z)^{4}P_{4}(w^{+}+w^{-})$ ,
where $P_{1}v=0,$ $P_{2}w^{+}=0$ and $P_{2}(-a)w^{-}=0$ .
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2.2 Another elimination
a $f$ $=$ $2z^{2}(1-z)^{3/2}R_{3}g$ ,






Theorem 6 $l\mathit{4}$ , Theorem 3. 1.4] $X_{g}=z^{-1/2}X_{h}z^{1/2}$ .
This theorem is not necessary to prove any formula given here. However it
plays the crucial role to find out the operators $P_{4}$ , etc. See for detail [3].
Suppose we are given ashort exact sequence of D-modules
$0arrow D/DQarrow D/DQParrow D/DParrow 0$
with some differential operators $P$ and $Q$ . This sequence is split if and only if
there exists some operators $A$ and $B$ such that $PA+BQ=1$ . This equation
looks similar to something like $PA+QB=1$ , which is much easier to handle.
In general, it is not easy to find an intertwining operator between given two
(holonomic) $\mathrm{D}$-modules. See [8] for the recent status. It is enough lucky that
the theorem above provides an operator belongs to $\mathrm{E}\mathrm{n}\mathrm{d}_{D}(D/DQP)$ which
turns to be non-scalar in our case. Using this operator, we can construct the
projection operator onto the factor module.
We introduce
$P_{5}$ $=$ $P[2,$ $-1; \frac{a^{2}-1}{4},$ $\frac{b^{2}}{4},$ $\frac{\lambda+1}{4}]=z^{-1/2}P_{1}z^{1/2}$ ,
$P_{6}$ $=$ $P[4,4; \frac{a^{2}-9}{4},$ $\frac{48+2b\sqrt{-1}+b^{2}}{4},$ $\frac{\lambda+7}{4}]$ ,
P7 $=$ $P[6,6; \frac{a^{2}-25}{4},$ $\frac{120+2b\sqrt{-1}}{4},$ $\frac{\lambda+23}{4}]$ ,
$P_{8}$ $=$ $P[7,8; \frac{a^{2}+2b\sqrt{-1}-35}{4},$ $\frac{b^{2}+196}{4},$ $\frac{\lambda+43}{4}]$ ,
$P_{9}$ $=$ $P[3,5; \frac{a^{2}+2b\sqrt{-1}-3}{4},$ $\frac{48+2b\sqrt{-1}+b^{2}}{4},$ $\frac{\lambda+13}{4}]$ ,
$\overline{P}_{5}$ $=$ $z^{-3}(1-z)^{-4}P_{5}z^{3}(1-z)^{4}$ .
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Theorem 7(i) $l\mathit{4}$ , Theorem $\mathit{3}.\mathit{1}.\mathit{5}J$
$X_{g}=P_{7}P_{6}P_{5}=P_{7}(-b)P_{6}(-b)P_{5}$ .
(ii) $l\mathit{4}$ , Theorem $\mathit{3}.\mathit{1}.\mathit{6}f$
$\overline{P}_{5}P_{9}-P_{8}P_{6}=\frac{\lambda-2}{4}z^{-3}(1-z)^{-4}$ .
2.3 Degenerate case
Due to the careful choice of our operators listed above, the corresponding
results for the case of degenerate parameters $ab=0$ can be also obtained by
the specialization $a=\mathrm{O}$ or $b=0$ . Geometrically, this degeneration seems to
correspond to the cusps of the hyperbolic 3manifold. We only list up the
operators. The splitting of the system of differential equations is similarly
stated as in the previous subsection.
(i) [4, \S 4.2] $T_{2}^{a=0}= \frac{2-\lambda}{2}z^{1/2}(1-z)^{2}$,
(ii) (6) $=R_{3}^{a=0}=P[1,0; \frac{1}{4},$ $\frac{b^{2}}{4},$ $\frac{\lambda-1}{4}]=z^{1/2}(1-z)^{2}P_{2}^{a=0}z^{-1/2}(1-z)^{-2}$ .
(iii) [4, Theorem 3.2.1] $R_{2}^{a=0}=P_{2}^{a=0}P_{1}^{a=0}$ .
(iv) (13) $=R_{1}^{b=0}$ .
(v) [4, Theorem 3.3.1] $R_{4}^{b=0}=P_{6}^{b=0}P_{5}^{b=0}$ .
(vi) (16) $=A_{1}^{a=b=0}$ , (17) $=R_{3}^{a=b=0}$ , (18) $=R_{1}^{a=b=0}$ .
3Discussion
In the case $\lambda=2$ , several statements above do not hold. We have no in-
trinsic explanation at the moment, but try to understand in terms of the
decomposition of differential operators.
Let us recall Theorem $4(\mathrm{i}\mathrm{i})$ :for $\lambda=2$ , we have $\overline{P}_{1}P_{4}=P_{3}P_{2}$ . In such a






The corresponding operators are of the form
$\overline{P}_{1}$ $=$ $P[1-\alpha_{3}-\alpha_{4},1-\beta_{3}-\beta_{4};-\alpha_{3}\alpha_{4},\gamma_{3}\gamma_{4}, \beta_{3}\beta_{4}]$ ,
$P_{4}$ $=$ $P[1-\alpha_{1}-\alpha_{2},1-\beta_{1}-\beta_{2};-\alpha_{1}\alpha_{2},\gamma_{1}\gamma_{2}, \beta_{1}\beta_{2}]$ ,
$P_{3}$ $=$ $P[1-\alpha_{3}-(\alpha_{2}-2), 1-\beta_{3}-(\beta_{2}-2);-\alpha_{3}(\alpha_{2}-2),\gamma_{3}\gamma_{4},\beta_{3}(\beta_{2}-2)]$
$P_{2}$ $=$ $P[1-\alpha_{1}-(\alpha_{4}+2), 1-\beta_{1}-(\beta_{4}+2);-\alpha_{1}(\alpha_{4}+2),\gamma_{1}\gamma_{2},\beta_{1}(\beta_{4}+2)]$
We will give aclassification of such operators satisfying $\overline{P}_{1}P_{4}=P_{3}P_{2}$ .
Proposition 8These operators satisfies $\overline{P}_{1}P_{4}=P_{3}P_{2}$ if and only if one of
the following (i) or (ii) holds.
(i) $\gamma_{3}\gamma_{4}=(\alpha_{4}+\beta_{4})(\alpha_{3}+\beta_{3}-1)$ and $\gamma_{1}\gamma_{2}=(\alpha_{1}+\beta_{1})(\alpha_{2}+\beta_{2}-1)$ .
(ii) $\alpha_{1}=\alpha_{3}$ $+1,$ $\beta_{1}=\beta_{3}$ %1and $\gamma_{1}\gamma_{2}-\gamma_{3}\gamma_{4}=3(\alpha_{1}+\beta_{1}+\alpha_{4}+\beta_{4})$ .
3.1 The reducible case
We discuss each case separately. Let us consider the case (i) in this subsec-
tion. Since $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$ , we also have $\gamma_{3}\gamma_{4}=(\alpha_{2}+\beta_{2}-4)(\alpha_{3}+\beta_{3}-1)$
and $\gamma_{1}\gamma_{2}=(\alpha_{1}+\beta_{1})(\alpha_{4}+\beta_{4}+3)$ . Hence we obtain the following factorization:
$\overline{P}_{1}$ $=$ $q[1-\alpha_{3},1-\beta_{3}]q[-\alpha_{4}, -\beta_{4}]$ ,
$P_{4}$ $=$ $q[1-\alpha_{2},1-\beta_{2}]q[-\alpha_{1}, -\beta_{1}]$ ,
$P_{3}$ $=$ $q[1-\alpha_{3},1-\beta_{3}]q[-\alpha_{2}+2, -\beta_{2}+2]$ ,
$P_{2}$ $=$ $q[-1-\alpha_{4}, -1-\beta_{4}]q[-\alpha_{1}, -\beta_{1}]$ ,
where
$q[ \alpha, \beta]:=\partial+\frac{\alpha}{z}+\frac{\beta}{z-1}$ .
Note that, under the condition $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$, we have
$q[-\alpha_{4}, -\beta_{4}]q[1-\alpha_{2},1-\beta_{2}]=q[-\alpha_{2}+2, -\beta_{2}+2]q[-1-\alpha_{4}, -1-\beta_{4}]$ ,
which assures the relation $\overline{P}_{1}P_{4}=P_{3}P_{2}$ .
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3.2 The case (ii)
The exponents are
with $\alpha_{1}+\alpha_{2}+\beta_{1}+\beta_{2}+\gamma_{1}+\gamma_{2}=1$ and $\alpha_{2}+\beta_{2}=\alpha_{4}+\beta_{4}+4$ . The dimension
of the parameters is 6. The reason why the equality $\overline{P}_{1}P_{4}=P_{3}P_{2}$ does hold
has not yet been well understood.
The operators $\overline{P}_{1},$ $P_{2},$ $P_{3}$ and $P_{4}$ in Q2 with $\lambda=2$ have exponents
$\alpha_{1}=-1-(a/2)$ , $\beta_{1}=-3/2$ , $\gamma_{1}=(5+b\sqrt{-1})/2$ ,
$\alpha_{2}=-1+(a/2)$ , $\beta_{2}=-1/2$ , $\gamma_{2}=(5-b\sqrt{-1})/2$ ,
$\alpha_{3}=-2-(a/2)$ , $\beta_{3}=-5/2$ , $\gamma_{3}=(11+b\sqrt{-1})/2$ ,
$\alpha_{4}=-2+(a/2)$ , $\beta_{4}=-7/2$ , $\gamma_{4}=(11-b\sqrt{-1})/2$ .
These are aspecial case of the case (ii).
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